


Influence

@ Let f(x1,...,x,) be a boolean function

@ The influence of x; represents the probability (over random
choice of all other variables) that f is sensitive to the value of
Xi

o Alternately,

Inf;(f) := E [f(x) # f(x+ &)],
Mo 1y {0,137

where ¢; is the element with 1 exactly at the i-th position and
0 everywhere else
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Influence

e Let J C [n] be a subset of indices

@ Influence of J is represented by:

Inf;(f):== E [f(x) is not constant]
52401}
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Examples

@ AND,, is the function that outputs the AND of its n inputs.
The Inf;(AND,), for any i, is the probability that AND,, is
sensitive to x;. That happens exactly when all others input bits
are 1, i.e. with probability 2—(7=1).

o OR, also has identical influence.

e MAJ,, for odd n, outputs the majority bit of n input bits. The
Inf;(MAJ,) is exactly the probability that the number of 0s
and 1s in the remaining inputs bits is equal. This happens with
probability 2—(7—1) <(nn__1)1/2> ~nl/2,

@ Note that sensitivity of AND,, is very low; but it cannot be
high because the output of AND,, is constant with ~ 1
probability. But, when the output of the function is nearly
balanced does some variable have high influence?
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Example

@ Note that MAJ, has balanced output and its variables have
~ n~Y/2 influence.

o In fact, any J with size =~ n'/2 has constant influence.
@ Think: Are there balanced functions with lesser influence?

e TRIBES; ,, is the ORs of AND,, of n = sw input bits. That is,
interpret the input as s blocks of w bits each. Apply AND,, on
each block and output the OR; of the ANDs.

@ Think: For what values of s and w is TRIBES; ,, balanced?

@ Think: For these values of s and w, what is the influence of
any variable?
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Target Result

Theorem (Kahn-Kalai-Linial)

For every balanced function f, there exists a variable with influence
at least ~ log n/n.

@ We will show a result by Talagrand (presented next slide)
@ Prove the KKL result using that result
@ Think: This is asymptotically tight!
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Talagrand’s Result

Let g be a function with | gl|, # ||g|l5/2. then:

DL 2.5 | gll3
S| logllell, /Tglls

e We apply Hypercontractivity with p = 3/2, ¢ = 2 and

P> =1/2
lgll3)> > I To(8)ll5 = Zg Sy /28l = N g(s)%/2k
S:|S|=k
That is, for any k > 0, we have:
g
H 13/

S:|S|=k
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Proof

@ Therefore, for any m, we have:

Zg ZZg Zg

S#0D 1<k<m S |S|=k S:|S|>m
2k
<| X T leliet X m—l—l
1<k<m S: \S|>m

2k 2 1 2
< Z % Igll32 + (m+1) gll2

1<k<m

@ Choose largest m such that 2™ HgH%p < |lgll3- Using the
maximality property, we have: (m+1) > 2log ||gll, / llgll3/>
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Proof

@ By induction we can prove the following upper bound:
2. 2m—|—1

2k
2 % SmiD

1<k<m

@ So, overall we have:

g(s 4.2 2 1 2
g + g

(4+1) o 5

< lellz < lgl5
(m+1) 772 = 2loglgll, / gl 2

@ This gives the overall bound of the lemma
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Using Talagrand’s Result to get KKL Theorem

For i € [n], define gj(x) := f(x) — f(x + ¢;) (the ‘=" sign in
the definition is subtraction over R and '+’ sign in the
definition is addition over {0,1}")

Note that gj(S) = 2f(S), if i € S; otherwise, gi(S) =0

Note that: Exﬁ{o,l}"[|gi(x)‘] = Inf;(f)

@ Since f is a boolean function, g; has output in {—1,—1}

o Therefore, for p > 1, we have: | gi||5 = |lgill; = Inf;(f)
o So, |lgill, = Inf;(f)!/? and ||gill3 /o = Inf;(£)*3

@ Using this, we can deduce:

gill5 = Inf;(f)
log|lgll,/ llglls/, = (1/6) log 1/Infi(f)
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Proof Continued

@ Use Talagrand's Result on g;:

o \5\ |og 1/Inf( )
@ Now, let us understand the relation between the left-hand-side
using f's Fourier coefficient:

gi(S 4F(S)?
S ! =2 S|

S0 S:ies

@ Previous two inequalities gives:

£(S)? Inf(£)
2 < (/) og 1 /inf ()
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Proof Continued

@ Summing the previous inequality over all / € [n] we get:

Inf(
(15/4) Z log 1/Inf Z Z Z fs )Var[f]

i€[n] S:ieS S#0D

The (%) equality is because the term f( )2/ |S| is considered
once for every i € S, i.e. [S] times. The () equality is because

Var[f] = E[f?] — E[f]* = s F(S)>
@ A “nearly balanced " has Var[f] = Q(1)
@ So, we have:

Inf;(
Z log 1/Inf f)~ > (1)
@ So, there exists i = i* € [n] such that:

Inf,-(f)
log 1/Inf;(f) > §(1/n)

e That is Inf;«(f) > Q(log n/n) (the KKL Result)
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